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In the present paper we study the behavior of the normalized I-Q relation for neutron stars in a
particular class of f (R) theories of gravity, namely the R2 gravity that is one of the most natural and
simplest extensions of general relativity in the strong field regime. We study both the slowly and
rapidly rotating cases. The results show that the I-Q relation remain nearly equation of state inde-
pendent for fixed values of the normalized rotational parameter, but the deviations from universality
can be a little bit larger compared to the general relativistic case. What is the most interesting in our
studies, is that the differences with the pure Einstein’s theory can be large reaching above 20%. This
is qualitative different from the majority of alternative theories of gravity, where the normalized I-Q
relations are almost indistinguishable from the general relativistic case, and can lead to observational
constraints on the f (R) theories in the future.
PACS numbers:
I. INTRODUCTION
Studies of generalized theories of gravity are becoming more and more intense in the last decade. There are both
theoretical and observational motivations for this. On one hand the theories trying to unify all the interactions
predict that the standard Einstein-Hilbert action should be modified. On the other hand it was shown in many
cases that studying generalizations of Einstein’s gravity can give us a deeper understanding of general relativity
(GR) itself. On the observational front still remain phenomena that do not fit very well in the standard framework,
such as the accelerated expansion of the universe, and that is why modifications of the theory of gravity are often
employed as an alternative explanations. One should keep also in mind, that even though general relativity is very
well tested in the weak field regime, the strong field remains essentially unconstrained that leaves space for a variety
of modifications.
One of the most natural generalizations of Einstein’s theory of gravity are the f (R) theories, where the Ricci scalar
R in the Einstein-Hilbert action is replaced by some function of R. Such modification has a theoretical motivation for
example from the quantum field theory in curved spacetime. f (R) theories are also widely used as an alternative
explanation of the dark energy phenomena which places them amongst the most popular and widely explored
alternative theories of gravity. Most of the studies on f (R) theories though are in cosmological aspect in relation
to the accelerated expansion of the universe [1–3]. The examinations of the astrophysical manifestations of these
theories is more scarce and this would be the main focus of our paper.
Natural objects to study within the f (R) theories of gravity at astrophysical scales are the neutron stars, where
the strong gravity effects are non-negligible. The neutron stars within the f (R) theories can differ significantly from
their GR counterpart [4–6] which makes them a very good candidate to test f (R) theories on astrophysical scales.
Unfortunately one has to pay a high price – the nuclear matter equation of state (EOS) at densities as high as the ones
in the neutron star cores, is still unknown. That is why in many cases the deviations coming from the generalizations
of Einstein’s gravity are comparable or even smaller than the deviations resulting from the uncertainties in the EOS.
A way to circumvent this problem is to search for predictions or derive relations that are independent of the EOS.
This was exactly the idea in [7, 8] where the famous I-Love-Q relations were discovered. These relations connect the
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2normalized neutron star moment of inertia I, quadrupole moment Q and the tidal Love number λ. They were later
explored in the regime of rapid rotation [9–11], large tidal deformations [12], in the presence of magnetic fields [13],
for higher multipole moments [14] and in the presence of anisotropic pressure [15]. We should note that also a variety
of other (nearly) EOS independent relations exists in the literature connecting different neutron star properties, their
oscillations spectrum, etc. (see for example [16–26]).
The most important property of the I-Love-Q relations is that they are practically independent of the EOS (for
moderate magnetic fields). Several applications were proposed and one of the most important is braking the de-
generacy between the spins and the quadrupole moment of neutron star inspirals, and testing alternative theories
of gravity. In connection to the latter, the I-Love-Q relations were examined in a variety of alternative theories of
gravity, such as the dynamical Chern-Simons gravity [7, 8], Eddington-inspired Born-Infeld gravity [27], Einstein-
Gauss-Bonnet-dilaton theory [28] and scalar-tensor theories of gravity [29–32]. In all of these theories the I-Love-Q
relations are pretty much EOS independent. With the exception of the dynamical Chern-Simons gravity, the resulting
relations are quite similar to the GR case and they can not be used to test the alternative theories of gravity1.
The purpose of the present paper is to explore the normalized I-Q relations for f (R) theories of gravity and more
specifically for the R2 gravity, where f (R) = R+ aR2. We will examine both the slowly and rapidly rotating regime.
The main goals is to determine if the relations are still EOS independent and whether significant deviations from GR
can be observed. We will use the fact that f (R) theories are mathematically equivalent to a particular class of scalar-
tensor theories with a nonzero potential of the scalar field. As we will demonstrate below, exactly the presence of
such nonzero potential leads to interesting results and makes the problem (and the conclusions) qualitative different
from the one considered in [30].
II. BASIC EQUATIONS
In our calculations we will use the fact that f (R) theories are mathematically equivalent to a specific class of scalar-
tensor theories. Here we will give very briefly the main points and we refer the reader to [4–6] where the problem is
discussed in detail.
The f (R) gravity action can be written in the following general form
S =
1
16piG
∫
d4x
√−g f (R) + Smatter(gµν,χ), (1)
where R is the Ricci scalar curvature with respect to the space-time metric gµν, Smatter is the action of the matter, and
the matter fields are denoted by χ. This action is mathematically equivalent to the following scalar-tensor theory
(STT) action
S =
1
16piG
∫
d4x
√−g∗ [R∗ − 2g∗µν∂µϕ∂νϕ−V(ϕ)]+ Smatter(A2(ϕ)g∗µν,χ), (2)
where the coupling function A(ϕ) and the scalar-field potential V(ϕ) have the following form
A2(ϕ) = e−
2√
3
ϕ, V(ϕ) = A4(ϕ)
(
R
d f
dR
− f (R)
)
. (3)
Here R∗ is the Ricci scalar curvature with respect to the metric g∗µν and ϕ is the scalar field. In this paper we will
concentrate on the so-called R2 gravity defined by f (R) = R + aR2. In this case the scalar-field potential takes the
form
V(ϕ) =
1
4a
(
1− e−
2ϕ√
3
)2
. (4)
1 One should keep in mind that this is true only for the normalized relations. The unnormalized quantities can deviate significantly and poten-
tially lead to some observational effects.
3The STT action (2) is written in the so-called Einstein frame, that is not the physical one and it is introduced because
it simplifies the field equations substantially. The physical quantities, such as mass, distance, etc., are measured in
the Jordan frame, where the two frame are connected by a conformal transformation of the metric and a redefinition
of the scalar field. We will not go into details and we refer the reader to [4, 33] for an extensive discussion of the
problem.
We will consider stationary, axisymmetric and asymptotically flat solutions of the field equations describing rotat-
ing compact starts. Thus the Einstein frame spacetime metric can be presented in the following form
ds2∗ = −e2νdt2 + ρ2B2e−2ν(dφ−ωdt)2 + e2ζ−2ν(dρ2 + dz2), (5)
where all the metric functions depend on the coordinates ρ and z only. Let us comment on the asymptotic behavior
of the metric functions and the scalar field. It is derived from the reduced field equations that can be found in [5]. It
is more convenient to present the asymptotic behaviour in the quasi-isotropic coordinates r and θ defined by
ρ = r sin θ, z = r cos θ. (6)
Using these coordinates and keeping only terms up to the order of r−3, one can obtain
ν ≈ −M
r
+
[
b
3
+
ν2
M3
P2(cos θ)
] (
M
r
)3
, (7)
B ≈ 1+ b
(
M
r
)2
, (8)
ω ≈ 2J
r3
, (9)
ζ ≈ −
{
1
4
+
1
3
[
b +
1
4
]
[1− 4P2(cos θ)]
}(
M
r
)2
, (10)
where M and J are the mass and the angular momentum, b, ν2 and ϕ2 are constants and P2(cos θ) is the second
Legendre polynomial. The scalar field on the other hand decreases exponentially at infinity and one can show that
ϕ ∼ e
−mϕr
r
, (11)
for large values of r, where mϕ is the scalar field mass equal to mϕ = 1/(
√
6a). One can make two important
conclusions from eq. (11). First, the scalar charge of the scalar field is zero2 and therefore it does not contribute to the
asymptotic of the metric functions (7) – (10) contrary to the case of the scalar-tensor theories (with massless scalar
field) admitting scalarization [30]. Second, the exponential decay of the scalar field is controlled by the parameter a
and smaller a corresponds to more rapid decay. Thus the general relativistic case corresponds to the limit a→ 0.
Since the scalar field does not contribute to the asymptotic of the metric, the quadrupole moment would have the
same form as in general relativity. Thus one can obtain [34, 35]
Q = −ν2 − 43
[
b +
1
4
]
M3. (12)
In our calculations we will use also the moment of inertia I defined in the usual way
I =
J
Ω
(13)
with Ω being the angular velocity of the star.
2 The scalar charge in usually defined as the coefficient in front of the 1/r term in the scalar field expansion at infinity.
4Equations (12) and (13) are written in the Einstein frame. Therefore, one has to transform them in the physical
Jordan frame. But, taking into account the exponential decay of scalar field, one can easily show that the moment of
inertia and the quadrupole moment are the same in both frames for the particular scalar-tensor theory and therefore
for the R2 gravity we consider in the present paper. Therefore, formulae (12) and (13) are valid also in the physical
Jordan frame.
In our calculations we use the dimensionless parameter a → a/R20, where R0 is one half of the solar gravitational
radius R0 = 1.47664 km (i.e. the solar mass in geometrical units).
III. NUMERICAL RESULTS
In our calculations we employed four equations of state (EOS) that cover a wide range of stiffness – APR, SLy4,
FPS and Shen2D (the zero temperature limit of the Shen EOS). The first two EOS are considered as standard since
they are above the two solar mass barrier and have radii in the preferred range according to the observations [36–39].
The FPS EOS is softer with maximum mass below the 2M. The Shen2D EOS on the other hand is stiff and has high
maximum mass, but the typical radii are around 14-15km that is larger compared to the observational estimates.
Even though EOS FPS and Shen2D do not fit all the observations well, we have chosen them in order to cover a
larger range of stiffness and to check up to what extend our relations are EOS independent. The rotating neutron
star solutions in R2 gravity are obtained using an extended version of the rns code [5].
The goal of the present paper is to study the relation between the moment of inertia I and the quadrupole moment
Q of neutron stars in f (R) theory in connection to the famous I-Love-Q relations. In order to obtain (nearly) equation
of state independent relations, I and Q have to be properly normalized. A natural choice is I¯ ≡ I/M3 and Q¯ ≡
Q/(M3χ2), where χ ≡ J/M2. Since we are considering rotating models, we will have two main goals – first is to
determine what the deviations from pure general relativity are, and second – to check up to what extend the relations
are equation of state independent. We should note that a different normalization might make the relations more or
less universal and increase or decrease the differences between the gravitational theories. A conjecture was made in
[40] that always exists a normalization that can make a given relation universal. But one should not choose aways the
most universal normalization, but instead the most relevant one from both physical and observational point of view.
The particular normalization in the current paper is the standard one used in all the previous papers on I-Love-Q
relations, including relations in alternative theories of gravity. It has a number of physical justifications and makes
the comparison of the results much easier.
We work with two different rotational parameters that are popular in the literature – the normalized rotational
frequency νM (ν is the rotational frequency of a star in kHz, M is the mass in solar masses) and the normalized
angular momentum J/M2 (J/M2 is dimensionless in units c = G = 1). The I¯ − Q¯ relations for sequences of neutron
star models with constant value of νM are presented in the left panel of Fig. 1 and with constant J/M2 – in the right
panel of Fig. 1. The sequences range from the slow rotation limit (νM = 0.3 and J/M2 = 0.1) to very fast rotation
(νM = 2.7 and J/M2 = 0.6). For every single νM three cases are shown – the general relativistic limit (a = 0) and R2
gravity with a = 2 and a = 104 (a = 104 gives nearly the maximum possible deviation from GR). In the case of J/M2
we show the results only for a = 0 and a = 104 in order to have a better visibility.
In the bottom part of the plots in Fig. 1 the deviations ∆I of the f (R) gravity results from the GR case are shown,
defined as
∆I =
| I¯GR − I¯FR|
I¯GR
. (14)
Here I¯GR and I¯FR are the corresponding values of the moment of inertial in the GR and f (R) cases respectively and
the plotted values of ∆I are in percentages.
The most important result is that ∆I reaches above 20% for the less massive models (with larger Q¯), slower ro-
tation and large values of a. Such deviation is much higher that the one observed for other alternative theories of
gravity such as scalar-tensor theories which admit scalarization [30]. This is surprising at first sight because, as we
described above, we are using the mathematical equivalence between f (R) theories and scalar-tensor theories in
our calculations. But there is a very important difference between the particular class of STT considered here that
is equivalent to the f (R) theories (see eqs. (3)), and the STT considered in [30, 33]. It steams from the fact that the
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FIG. 1: I¯− Q¯ relation for sequences with fixed rotational parameter νM (right panel) and fixed J/M2 (left panel). The lower panel
for both figures represents the relative deviation of the results in f (R) gravity from the GR case.
scalar-field mass in our case is nonzero which leads to its exponential decay (see eq. (11)). Thus the scalar field has
a zero scalar charge and it does not contribute directly to the asymptotic of the metric functions at infinity and the
quadrupole moment. Therefore eqs. (7) and (12) are valid both in GR and R2 gravity.
This is not the case with the STT considered in [30, 33], which admits spontaneous scalarization and has a massless
scalar field. A nonzero scalar charge is present there which enters explicitly in the equation for the quadrupole
moment and roughly speaking it compensates the deviations from GR in the I¯ − Q¯ relation3. Such “compensation”
of the scalar field effect does not exist in the STT considered in this paper (and therefore in f (R) gravity) and that is
why large differences from GR can be observed.
The deviations from EOS universality are small, below roughly 1%, for the general relativistic case (a=0) and
for the case of very large a. The deviations can increase for small a reaching roughly 3%, but this case is not so
interesting since it gives small differences with GR. Another point is that deviations as large as 3% are observed only
for more extreme EOS, such as the Shen2D EOS. For the “standard” modern realistic EOS the deviations from EOS
universality are still within roughly 1%.
Let us comment on the effect of rotation. From the bottom panel in Fig. 1 it is evident that for fixed values of Q¯
the deviations from GR are comparable for different values of the normalized rotational parameters νM and J/M2.
3 We should note that only the normalized I¯ − Q¯ relation is close to GR for the STT considered in [30]. The unnormalized quantities I and Q can
reach very large deviations from GR especially in the rapidly rotating case
6Therefore, large differences can be observed already for slow rotation that is very important since a big portion of
the observed systems have rotational frequencies up to a few hundred Hz. If the sequences with fixed normalized
rotational parameter terminate at smaller values of Q¯, i.e. at large masses, the deviations from GR are relatively small
that naturally come from the fact that they are close to the black hole limit where the I¯ − Q¯ relation does not depend
on the internal structure of the star (this is observed in Fig. 1 especially in the case of fixed νM). The deviations from
EOS universality are not sensitive to the particular value of νM or J/M2, i.e. they are of the same order for all of the
sequences.
Another important point one can notice is that the effect of rotation is qualitatively the same as the effect of
increasing the parameter a. Therefore, in order to test the deviations from general relativity we should either have
additional information about the rotational rate of the star from independent observations, or deal with objects that
are in general slowly rotating (the I¯ − Q¯ dependences are almost indistinguishable for frequencies less than a few
hundred Hz). The opposite line of conclusions is also possible – it would be very difficult to test any deviations from
slow rotation via the I-Love-Q relations since certain modifications of gravity lead to similar results.
IV. CONCLUSIONS
In the present paper we have studied the normalized I¯ − Q¯ dependence for rotating neutron stars in R2 theory of
gravity. Both the slowly and the rapidly rotating cases are examined. In our calculation we made use of the fact that
the f (R) theories are mathematically equivalent to a particular class of scalar-tensor theories with a nonzero potential
of the scalar field. The effective mass of the scalar field in this scalar-tensor representation is backproportional to the
R2 gravity parameter a and the scalar field decays exponentially at infinity. Therefore the scalar charge is zero and
the asymptotic of the metric at infinity and the quadrupole moment have the same form as in pure general relativity
(contrary to other classes of STT with massless scalar field [30]). The rotating neutron star solutions were obtained
with an extended version of the rns code [5].
The most important conclusion from our results is that the dependences can deviate significantly from the GR case
and the differences can reach above 20% that can be observationally relevant. The deviations are in general larger
for larger values of the R2 gravity parameter a, smaller neutron star masses and slower rotation. This is qualitatively
different from the case of scalar-tensor theories with vanishing potential, where the normalized I¯− Q¯ relation differs
only marginally from GR even in the rapidly rotating case. A rough explanation of this phenomena comes from
the fact that the scalar charge is zero in the scalar-tensor representation of the R2 gravity and thus it has no explicit
contribution to the quadrupole formula. The effect of R2 gravity is qualitatively similar to the effect of changing the
normalized rotational parameter νM or J/M2. So one should be careful when trying to distinguish between the two
effects in the future observations.
The I¯ − Q¯ relations in R2 gravity remain nearly EOS independent for fixed values of the normalized rotational
parameters νM and J/M2 similar to the pure Einstein’s theory. The deviations are typically of the order of 1% for
large values of a or large masses and they increase up to roughly 3% with the decrease of a and M. This is certainly
below the expected observational accuracy. Also deviations as large as 3% are observed only for more extreme EOS,
and therefore they are of limited interest.
It is interesting to note that the considered f (R) theories are one of the few generalized theories of gravity that
lead to large deviations from GR as far as the I¯ − Q¯ relations are concerned. As we commented above, this is due to
the fact that the scalar field in the scalar-tensor representation of the R2 gravity is massive (i.e. has a finite range).
Hence we expect that other classes of massive scalar-tensor theories will have similar behavior and such a study is
underway.
At the end we will briefly comment on the observational perspectives. As we have already pointed out, larger
deviations in the I¯ − Q¯ relations are observed for lower masses and slow rotation. But this is exactly the case of
merging neutron stars that are supposed to have typical masses around 1.4M and to be slowly rotating due to
the long evolution time. Probably the f (R) gravity will also change the gravitational wave signal emitted by such
inspiraling neutron stars similar to the case of scalar-tensor theories [41–44] but additional studies in this direction
are needed. One of the most promising application of the I-Love-Q relations is in the parameter extraction of such
merging binaries and therefore one should keep in mind the possible effects that might come from the alternative
theories of gravity and the f (R) theories in particular.
7As far as isolated and binary NS are concerned, the precise observation of two of the quantities in the I-Love-Q
relation would serve as a direct test of GR and can help us to impose constraints on f (R) theories. But we should
have at least some information about the rotational frequency of these stars and whether they are slowly or rapidly
rotating, since the deviations coming from R2 gravity are qualitative the same as the effect of rotation.
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